We use the discrete group Σ(81) ≡ (Z 3 ×Z 3 ×Z 3 ) Z 3 to suggest a relation among the off-diagonal entries of the neutrino mass matrix, as well as to explain the muon magnetic moment anomaly, a exp µ − a SM µ ∼ 10 −9 . We predict three new nearly degenerate Higgs doublets with masses of order ∼ 500 GeV to ∼ 1 TeV, and three nearly degenerate SM-singlet TeV-scale neutrinos. The largest scale in the model is ∼ 10 TeV, so there is no severe hierarchy problem. The appendix is devoted to the group theory of Σ(81).
I Introduction
The matter content of the Standard Model (SM) of particle physics comes in three generations, which are identical except for their widely disparate mass scales. At sufficiently high energies 1 all particles become effectively massless, and so it is possible that a high energy completion of the SM is symmetric under permutation of the generation labels [1] . If we insist that the fermions acquire mass perturbatively from the Higgs mechanism while having Yukawa couplings of comparable magnitudes, then we must extend the SM to include multiple Higgs doublets, which are to be permuted along with the fermion generations.
The challenge for all models of this type is how to implement a permutation symmetry that can accommodate the relations m d m s m b and m u m c m t for the quarks, and m e m µ m τ for the charged leptons, while at the same time allowing for nonzero mixing angles in the CKM and PMNS matrices.
Among the myriad theoretical possibilities, we will take motivation from one particular class of multi-Higgs models, the models of "Private Higgs"-type [2, 3] , and extend the idea to include a permutation symmetry. This will immediately suggest a particular non-abelian discrete flavor group, Σ(81) ≡ (Z 3 × Z 3 × Z 3 ) Z 3 , which was first applied to leptons by E. Ma [4] and later studied by other authors [5] .
The Private Higgs philosophy is to introduce a Higgs doublet φ q for each quark q = d, s, b, u, c, t and a Higgs doublet φ α for each charged lepton α = e, µ, τ . The fermions are supposed to obtain masses from the Yukawa interactions To ensure that each Higgs serves only its associated fermion in Eq. (I.1), we need to impose a family-dependent discrete symmetry [8] . For simplicity and concreteness let us first focus on the charged leptons. Observing that each Yukawa interaction is a product of three fields, we impose the symmetry
The group Z e 3 multiplies the fields e ≡ (ν e , e), φ e ≡ (φ 0 e , φ − e ), and e e ≡ e by the phase ω ≡ e i2π/3 , and leaves the other fields alone. The other Z α 3 for α = µ, τ are defined analogously.
We would now like to suppose that the three lepton generations are interchangeable above m τ and therefore impose a Z C 3 symmetry that cycles the fields as ( e φ e e, µ φ µ µ, τ φ τ τ ) → ( τ φ τ τ , e φ e e, µ φ µ µ) → ( µ φ µ µ, τ φ τ τ , e φ e e). Since the label α = e, µ, τ is now supposed to denote a triplet representation rather than a collection of singlets, the transformations of Eq. (I.3) do not commute with those of Z C 3 [9] .
Thus we are led quite naturally to consider the non-abelian discrete group Σ(81) ≡ (Z (I.4)
The leptons and lepton-Higgs fields are assigned to the defining triplet representation 3, which is complex, and the product 3 ⊗ 3 ⊗ 3 contains an invariant singlet. The group Σ(81) has three other complex triplets, so we can incorporate the quarks into this framework by simply assigning the quarks and quark-Higgs fields to a triplet representation distinct from the defining 3.
2 We use two-component spinor notation for fermions. Here q a = (u a , d a ) ∼ (3, 2, + The dot denotes the SU (2)-invariant antisymmetric product, and the subscripts are understood as d 1 ≡ d, φ D1 ≡ φ d , and so on. 3 The idea that the fermion masses arise from a small VEV of a second Higgs doublet is an old idea [6] . A different model with one Higgs for each lepton flavor was proposed by Grimus and Lavoura [7] . 4 This differs from the Z 2 symmetries used in the original Private Higgs model.
The rest of this paper is organized as follows. In Section II we discuss the charged lepton masses and a TeV-seesaw mechanism for neutrino masses under the assumption of Σ(81) symmetry. In Sections III and IV we discuss neutrino mixing and predict a relation among the off-diagonal entries of the Majorana neutrino mass matrix. In Section V we discuss the anomalous magnetic moment of the muon. In Section VI we discuss constraints due to lepton flavor violation. In Section VII we comment briefly on quark masses, but leave the construction of a realistic CKM matrix for future work. In Sections VIII and IX we discuss the scalar potential of the model and justify the symmetries and scales that are assumed for the phenomenology of the previous sections. In Section X we summarize our results and suggest directions for future work. In the appendix we discuss the group theory of Σ(81).
II Lepton masses and TeV-scale seesaw
Let the lepton doublets Before proceeding further, we should comment that the coupling y depends on energy scale µ, and is defined in Eq. (II.1) at a Σ(81)-invariant scale M. To compute observables at low energy, we should use the renormalization group (RG) to find that the flavor-independent coupling y (µ) splits into three distinct effective couplings, y eff e (µ), y eff µ (µ), and y eff τ (µ), at scales µ m e m µ m τ . In practice, since there are no superheavy scales in our model, these effects are small 6 even for Yukawa couplings y (M) ≈ 1.
5 Since we are dealing with leptons, which are all color singlets, we suppress the SU (3) quantum number. 6 In more detail, we estimate the corrections as follows. Because flavor changing interactions are small, the dominant loop correction to the α φ αēα vertex comes solely from the lepton α circulating in the loop. For large Yukawa couplings, the gauge contributions are subleading, and we estimate the 1-loop beta function as µ dy /dµ ≈ a y 3 /(4π) 2 , with a > 0, whose solution is y −2 (µ) = y −2 (µ 0 ) − a (4π) 2 ln(µ/µ 0 ). We take any particle with mass m > µ as decoupled from the RG flow. Therefore, to leading order, we find that from a flavor-independent coupling y (µ) at µ = M, the RG generates an effective coupling y eff τ (µ) that runs down only to µ = m τ , an effective coupling y eff µ (µ) that runs down to µ = m µ , and an effective coupling y eff e (µ) that runs all the way down to m e . Taking a ∼ 1 and an initial condition at M ∼ TeV for
) be a Higgs doublet that does not transform under any flavor symmetry. This W -Higgs provides the dominant contribution to the mass of the W ± bosons:
where v other denotes the contributions of the non-W Higgs VEVs. The Z obtains a mass m Z = m W / cos θ W , just as in the SM. So far this is the same as in the original Private Higgs model for leptons 7 , but with the additional constraint y e = y µ = y τ ≡ y .
For the neutrino sector, introduce an SM-singlet antineutrino field N ∼ (1, 0) and another
), each of which is also to transform as a 3 under Σ(81). Just as for the charged leptons, the Σ(81)-invariant Yukawa interactions for the neutrinos are diagonal in flavor and have a flavor-independent coupling:
As a result of the opposite hypercharge assignments for φ and φ ν , only the former gives masses to the charged leptons while only the latter provides Dirac masses for the neutrinos.
At this stage a bare mass for the gauge-singlet neutrinos N α is forbidden by the flavor symmetry. Introduce SM-singlet complex scalar fields S ∼ (1, 0), which transform as a triplet under Σ(81). The Σ(81)-invariant Yukawa interaction
leads to flavor-diagonal Majorana masses for the gauge-singlet neutrinos:
Upon integrating out the N α , the light neutrinos will obtain a flavor-diagonal Majorana mass matrix from the usual seesaw mechanism:
Here the VEVs S α set the seesaw scale, which in our model will be ∼ TeV [10] . The neutrino mass scale m ν eV can be obtained by taking the neutrino-Higgs VEVs φ 0 να to be roughly of order the electron mass [11] . Just as for the charged-lepton-Higgs fields, we define φ
v α e iθ α and work with the manifestly real parameters v α .
At this stage the neutrinos do not oscillate, so we still need to generate nonzero off-diagonal contributions to the neutrino mass matrix. For smaller values of y (M), the running is negligible. 7 In that model the role of φ W is played by a top-Higgs φ t . 8 This construction is similar in spirit to an early model of Fukugita and Yanagida [12] . Interestingly, at that time the lack of oscillations in the model was considered a virtue rather than a deficiency.
III Neutrino mixing
To generate nonzero mixing angles for the light neutrinos, we introduce a flavor triplet of singly charged spin-0 bosons, h − , whose interactions result in off-diagonal entries for the neutrino mass matrix at one loop [13] .
In contrast to the other fields of the model, we assign h − to a different triplet representation, 3 , and thereby denote its components by 
These interactions have a common 11 coupling f , which provides a group theoretic realization of Case A in a study by Ghosal, Koide and Fusaoka [14] . Note that the Σ(81) symmetry forbids interactions of the form eN h − .
The charged bosons couple to Higgs doublets through three different SM×Σ(81) invariants:
We will see that if the coefficient of the dimension-3 operator t 0 is not much larger than S α , then the contribution to m ν from the t 0 term will be subleading compared to that from t 1 and t 2 .
Combined with the h interactions of Eq. (III.1), the Lagrangian
generates off-diagonal entries in the neutrino mass matrix at one loop. 12 (HereM is a coupling with dimensions of mass, and ρ 1,2 are dimensionless couplings.) For example, one contribution to the (e, µ) entry of m ν arises from the diagram in Fig. 1 .
φ , the contribution of this diagram to the neutrino mass matrix is
(III.6) 9 As explained in the appendix, the labeling results from forming the 3 by decomposing the product 3 ⊗ 3 into irreducible representations. See Eqs. (XI.24) and (XI.36). 10 Here h
* has electric charge +1. 11 In principle there are flavor-dependent corrections to f at low energy. Since we consider small values f 10 −2 and since the largest scale in the model is ∼ 10 TeV, these corrections are very small. 12 These interactions also generate corrections to the diagonal entries of the neutrino mass matrix at two loops [15] . We will drop these as subleading to the diagonal entries generated from the seesaw mechanism. By the symmetry of the Majorana mass matrix, there is also the same diagram but with the electron and electron-Higgs running in the loop. This gives an additional contribution
The (e, µ) entry of the neutrino mass matrix is given by adding the two contributions:
The relative signs in M Dropping the contributions from terms proportional toM , and assuming furthermore that all v α are equal, we arrive at the following off-diagonal entries in the neutrino mass matrix:
eV. The motivation behind this model is to take the Yukawa coupling y ∼ 1, so we need Therefore, the Σ(81) symmetry (along with the assumption that all new scales are roughly ∼ 1 − 10 TeV) suggests a relation among the off-diagonal entries of the neutrino mass matrix:
The ≈ indicates that we have dropped small contributions due to the electron mass, which is justified provided that there is no large hierarchy between the couplings ρ 1 and ρ 2 . The relation Eq. (III.11) results from assuming that the only parameters contributing to m 1-loop ν that break the flavor-independence predicted by Σ(81) symmetry are the charged lepton masses m e m µ m τ .
Thus in total we have a Majorana neutrino mass matrix
, and r ≡ m τ /m µ ≈ 16.82. Note that for the "reasonable" ratio ρ 1 /ρ 2 ∼ 1 the mass matrix of Eq. (III.12) is not µτ -symmetric, as expected on general grounds. However, in principle it is possible to have ρ 1 /ρ 2 ∼ r to restore an approximate µτ symmetry at low energy, although in view of RG considerations this situation would have to rely on a parametric coincidence in the initial conditions at the scale of Σ(81) breaking. 13 The most general Majorana mass matrix is symmetric, so we display explicitly only its upper triangle.
IV Comparison with oscillation data
To compare Eq. (III.12) with experimental results on neutrino mixing, we briefly recall the relevant phenomena. For a detailed account, the reader may consult the review by GonzalezGarcia and Maltoni [17] and the updated report by Gonzalez-Garcia, Maltoni and Salvado [18] , from which we quote the data.
In a three-flavor oscillation framework with Majorana neutrinos, the three flavor eigenstates ν e , ν µ , ν τ are linear combinations of the three mass eigenstates ν 1 , ν 2 , ν 3 , specified by a 3-by-3 unitary matrix V , called the neutrino mixing matrix. It has three physical mixing angles: the "solar" angle θ 12 , the "atmospheric" angle θ 23 , and the "reactor" angle θ 13 . At present these are known to be in the following range:
Recently the T2K collaboration reported [19] the possibility of a relatively large nonzero reactor angle 0.09 < θ 13 < 0.28
but the significance is not yet large enough to claim a discovery. As indicated in Eq. (IV.2), it is known that m 2 > m 1 , but it is not yet known whether m 3 is larger or smaller than the other two. What is known are the mass-squared differences In addition to the three angles in Eq. (IV.1), the mixing matrix V contains three physical complex phases and three unphysical complex phases. Of the three physical phases, only one is in principle observable in oscillations, the "Dirac" phase angle δ CP , and it contributes to neutrino oscillations only if θ 13 = 0. The remaining two physical phases are the "Majorana" phases, which drop out of the oscillation probabilities. ≤ +0.149, and the small reactor angle, 0 ≤ θ 13 < 0.22. Expanding to leading order as G = G 0 + O(θ 13 , λ), we have ], then we needm 1m2 < 0 and m 3 > m 1,2 . For example,
, we can solve explicitly for m 1 in terms of F and the oscillation parameter ξ:
where we have used ∆m In the absence of a theoretical principle that determines the relative values of the diagonal entries in m ν , we proceed phenomenologically. If we take v e v µ ∼ v τ , then the mass matrix of Eq. (III.12) is similar to those of Class II in our earlier study [16] The conclusion to draw from this analysis is that our model can fit oscillation data with the "reasonable" ratio of couplings ρ 1 /ρ 2 ∼ O(1) [in the particular case of Eq. (IV.10) we have ρ 1 /ρ 2 ≈ r/8 ≈ 2.1] and with ∆m 2 atm > 0. As mentioned in the previous section, the model can be tuned to accommodate µτ symmetry with maximal atmospheric mixing and zero reactor angle if the reader is willing to consider a hierarchy ρ 1 /ρ 2 ∼ m τ /m µ .
V Lepton magnetic moments
In our model, the dominant new contribution to the magnetic moment of charged leptons comes from neutral Higgs exchange. In the Standard Model, the Higgs contributes to the anomalous magnetic moment a α = For m H m α , this diagram yields the standard textbook result
In the SM, these contributions are negligible because of the small Yukawa couplings for charged leptons. In our model, the Yukawa couplings are independent of flavor and are also order 1. Moreover, the neutral Higgs boson that propagates in the loop for lepton α is the private Higgs boson H α , whose flavor-independent mass M φ is larger than the mass of the SM Higgs. Thus Eq. (V.1) is replaced by:
The contribution to the magnetic moment of the electron a e ∼ 10 −2 × is much larger than the Higgs contribution in the SM, but is still much smaller than the experimental uncertainty of ∼ 10 −12 . The contribution to the muon magnetic moment is a factor m 2 µ /m 2 e ∼ 10 6 times larger, and is therefore in a range interesting for phenomenology:
If we take seriously the reported 3σ discrepancy from the SM prediction [20] δa µ ≡ a For smaller values of y and larger values of M φ , the contribution to the magnetic moment becomes smaller in magnitude than the electroweak contributions of the SM and can be dropped. Thus in general our model predicts that the anomalous magnetic moment of the muon is at most of order δa µ and at least as large as in the SM.
VI Lepton flavor violation
Let us expand the lepton-Higgs doublets about their vacuum expectation values:
Here H α and χ α are the physical CP-even and CP-odd parts, respectively, of the neutral component φ Including the exchange of the CP-odd state χ µ , the dimensionless coefficient of this effective vertex is
Integrating out φ ± e leads to the effective interaction L = 4
(µν e )(ν e e) + h.c. with a 4-fermi constant
14 The value y = 2 is toward the upper limit for validity of perturbation theory but remains acceptable, which we argue as follows. If we approximate the beta function for the Yukawa coupling as µ dy /dµ ≈ a y 3 /(4π) 2 , we can estimate the location Λ of the Landau pole, defined by y −2 (Λ ) ≡ 0. [22] Using the value
. The location of the pole is larger than ∼ 10 TeV provided that y (m τ ) 4π a −1/2 . This is of course a crude estimate, but the point is that relatively large values y ∼ 1 can be considered. As denoted, this leads to a flavor changing charged current (FCCC) contribution to muon decay. Compared with the SM muon decay Lagrangian
, the new contribution is suppressed by the ratio
where we have taken y ∼ 1, M φ ∼ TeV, and ln
and M h ∼ 10 TeV, requiring that the above ratio be less than 10 −3 implies only the rather weak constraint that f < 1, which is readily satisfied in our model. 
Therefore the Fermi constant measured from muon decay gets an extra contribution of order ∼
/G F compared to the value of G F extracted from hadronic weak decays. Requiring the discrepancy between the two to be less than 10 −3 results in the constraint [21] 
If we take M h ∼ 10 TeV, we can satisfy this equation even for a coupling as large as f ∼ 1.
Potentially dangerous flavor changing neutral currents (FCNC) arise from diagrams similar to the above, but with a neutrino running in the loop instead of a charged lepton. These amplitudes are therefore suppressed by a neutrino mass in the numerator and thereby result in negligible branching fractions.
For example, the polarized muon decay µ This diagram, along with the diagram for χ e exchange, results in the effective Lagrangian
where the effective Fermi coupling is
This is identical in form to the FCCC coupling discussed previously, suppressed by the ratio
, the µ → 3e decay is suppressed by at least a factor ∼ 10
at the level of the amplitude, resulting in a branching fraction less than 10 −22 , which is much smaller than the existing upper bound of ∼ 10 −12 [23] . Other FCNC processes such as µ − → e − γ and Z → µ − τ + are similarly suppressed by a factor of m ν and are therefore unobservably small [24] .
VII Quark masses
The basic structure of this model can be carried over immediately to the quark sector. Introducing private Higgs fields φ D ∼ (2, − ) for the quarks, we can identify the quark sector with the lepton sector through the correspondence:
Just as φ = (φ e , φ µ , φ τ ) and φ ν = (φ νe , φ νµ , φ ντ ) are flavor triplets, here we have
To prevent the lepton-Higgs fields from coupling to the quarks and the quark-Higgs fields from coupling to leptons, the triplets in the quark sector should not be the defining triplet 3 but rather one of the other three complex triplet representations, 3 , 3 , or 3 [see Table 2 and Eq. (XI.36)]. Since we have already assigned the spin-0 charged bosons h − to the 3 , we have the choice of either 3 or 3 for the quark triplets.
Interestingly, the product 3 ⊗ 3 ⊗ 3 contains three different invariants of Σ (81) [see Eq. (XI.51)], so if the quarks and quark-Higgs were assigned to the 3 there would be three Yukawa couplings for the down-type quarks and three for the up-type quarks. Instead, since
, the product 3 ⊗ 3 ⊗ 3 contains only one invariant, just like the product 3 ⊗ 3 ⊗ 3 for leptons. Therefore, we assign the quarks and quark-Higgs fields to the 3 representation.
The quark Yukawa couplings are
The quark masses are therefore determined by private Higgs VEVs 15 and two generationindependent couplings, one for the down-type quarks and one for the up-type quarks:
The quark mass matrices for the up and down type quarks are simultaneously diagonal, and so the CKM matrix is the identity to leading order. We can then generate nonzero mixing angles at one loop by introducing the appropriate colored fields. 16 Just as the h − αβ transform as the components of a triplet 3 distinct from the 3, these new colored fields will transform 15 Note that since m t ≈ 173 GeV is larger than m W , the W boson gets contributions from both the t-Higgs and the W -Higgs, so that Eq. (II.4) gets modified to
GeV gets roughly half its contribution from each of v W and v t rather than purely from v W . In contrast to the other Private Higgs fields, the top-Higgs mixes substantially with the W -Higgs, which should be interesting for LHC phenomenology. 16 The idea of generating hierarchical quark masses and mixing angles at one, two, and three loops was explored by Babu and Mohapatra in the context of an S 3 model [25] . An approach along the lines of our model would attempt to generate a realistic CKM matrix at one loop, in analogy with neutrino mixing.
as We will postpone the construction of a realistic CKM matrix to future work, and so a full discussion of flavor physics in the quark sector is beyond the scope of this paper.
VIII Scalar potential
Let us now discuss the scalar potential for our model. The most general scalar potential for the fields φ W , φ , φ ν , and S invariant under SU (2) × U (1) × Σ(81) is 18 :
where
contains all allowed quartic interactions other than the self-coupling of the W -Higgs. We assume that all of the couplings in V quartic Σ(81) are of the correct sign so as to stabilize the potential for large values of the fields, but that they are otherwise negligible for perturbative dynamics. In other words, we assume that it is a good approximation 19 to set V quartic Σ(81) ≈ 0.
The potential V Σ(81) is minimized when all VEVs are independent of flavor, and so the 17 Color SU (3) invariance will prohibit tree level interactions, but it is conceivable that loop level interactions may still have interesting implications for neutrino mixing [26] . 18 Note that the SM-singlet scalars S α obtain their VEVs from cubic self-interactions. This is in contrast to the original Private Higgs model, which employed Z 2 parities. A similar approach was also used by E. Ma in the context of a different model [27] . 19 For Yukawa couplings of order 1, one might worry that negligible quartic couplings at µ ∼ TeV could blow up at low energy. If y ∼ 1, the leading order contribution to the renormalization of λ α (φ † α φ α ) 2 comes from a box diagram with four external α-Higgs lines and the lepton α running in the loop [28] . This diagram is O(y 4 ), so for large Yukawa couplings we approximate the beta function for λ α as (4π
(This is just a crude approximation; λφ 4 theory coupled to fermions is not asymptotically free. [29] ) Approximating (4π) 2 µ dy /dµ ≈ a y 3 as before, we find charged leptons would be degenerate in mass. This is of course phenomenologically unacceptable. To fix this problem, we would like to forbid the bare cubic terms S α φ † α φ W and S † α φ να ·φ W , and then re-introduce these terms with parametrically smaller, flavor-dependent couplings µ α and µ α .
To do this, we impose an auxiliary flavor-independent Z 3 symmetry, denoting its generator by Ω ≡ e i2π/3 . Under this Z The sequence of flavor symmetry breaking should be Therefore, the potential we use in our model is
The ellipsis in Eq. (VIII.3) denotes quartic Higgs-Higgs, scalar-scalar, and Higgs-scalar interactions, which we assume to be negligible, and small flavor-dependent corrections to the bare parameters contained in V Σ(81)×Z Ω
3
. We imagine that flavor-dependent corrections are of the order µ α ∼ µ α ∼ εM , where ε is a small number parametrizing the effect of either a small coupling or a loop factor 1/(4π) 2 ∼ 10 −2 . Thus taking M ∼ TeV, we take µ α ∼ µ α ∼ 10 GeV ∼ 10 m τ .
Before discussing a particular realization of this idea, let us first treat Eqs. (VIII.3), (VIII.4), and (VIII.5) as an effective field theory and work out its consequences for the boson masses.
We choose the basis of VEVs such that φ
v W is real. We will also fix unitary gauge, in which the Goldstone bosons
As far as the SU (2) × U (1) gauge interactions are concerned, the real field H W is the SM Higgs up to small corrections. Expanding the other Higgs doublets about their VEVs, we write
For simplicity, we assume that the VEVs are real: θ α = θ α = 0. We also have
where the s α are physical complex SM-singlet spin-0 bosons. Again for simplicity we set θ α = 0. We will leave the study of CP-violating phenomenology for future work.
In the basis (H W , H α , H να , s α ), the symmetric mass-squared matrix for the physical CPconserving neutral scalars is
where the lepton-Higgs masses are determined by minimizing the potential to be
To the extent to which the bare parameters M 2 S and µ are independent of flavor, the scalar VEVs are independent of flavor:
To the same extent to which the bare parameters M (VIII.12)
Similarly, the ratios µ e : µ µ : µ τ = v e : v µ : v τ determine the diagonal entries in the Majorana mass matrix for the light neutrinos. In contrast to the situation for charged lepton masses, we do not know the required hierarchy of these entries. We could have v e ∼ v µ ∼ v τ , or one of the entries much smaller than the rest, for example v e v µ ∼ v τ .
Taking µ τ /v τ ∼ 10,ṽ ∼ TeV and v W ∼ 10 2 GeV, we find
This is consistent with our prediction for the anomalous magnetic moment of the muon.
For the sake of not having scales higher than ∼ 10 TeV, then v v W ∼ 10 −1 TeV 2 implies that we should take µ α /v α no larger than ∼ 10 3 . But to keep the W -Higgs mass light and stable we need at most µ α v ∼ λ W v 2 W . Thus it is consistent to take µ τ ∼ µ τ ∼ 10 GeV and v τ ∼ 10 −3 µ τ ∼ 10 MeV. We can then take v µ ∼ (1 − 10) MeV and v e MeV, in a spirit similar to v e v µ ∼ 10 −1 v τ for the charged leptons.
IX An example of soft symmetry breaking
Now we discuss one way to obtain the potential of Eq. (VIII.3). The reader is encouraged to find alternative high-energy completions.
Let σ 0 , σ 1 , and σ 2 be SM-singlet complex scalar fields that transform with the phase Ω under the auxiliary symmetry Z Ω 3 . Let these fields also transform as σ 0 ∼ 1, σ 1 ∼ 1 , and σ 2 ∼ (1 ) * under Σ(81). We introduce the usual negative mass-squared instability for each of the σ i so that they obtain nonzero VEVs.
The fields σ 1 and σ 2 are charged under Σ(81) but are invariant under the abelian subgroup Z Table 1 in the appendix), and all σ i are charged under Z 
When the σ i pick VEVs, we obtain the soft potential of Eq. (VIII.5) with dimensionful couplings
We would like these couplings to be at most a few orders of magnitude smaller than the weak scale. Even if σ i ∼ (1 − 10) TeV S α ∼ TeV, we can have µ α 10 GeV if the couplings 20 λ i are of order ∼ 10 −3 − 10 −2 .
Note that if the λ i and σ i are all real, then µ µ = µ τ but µ µ,τ = µ e . This can be viewed as a motivation for taking the second and third generation µ α (and µ α ) as "comparable," while treating µ e and µ e as somehow "special." This is an attractive scenario to explain the neutrino Higgs VEVs v µ ≈ v τ , but the charged lepton relation v µ /v τ = m µ /m τ ≈ 5.9% requires some fine tuning, as in many flavor models based on non-abelian groups.
Note also that the field σ 0 allows the dimension-4 interaction
The VEV of σ 0 generates the dimension-3 interaction of Eq. (III.2) with coefficientM = λ h σ 0 . The scale σ 0 ∼ (1 − 10) TeV times a coupling λ h ∼ 10 −1 − 1 results inM ∼ TeV, which is the case studied in the previous sections.
X Discussion
We have presented a group theoretic origin for the leptonic Private Higgs model using the discrete group Σ(81) = (
The model contains extra Higgs doublets with a common mass at the TeV scale, whose vacuum expectation values determine the charged lepton mass hierarchy m e m µ m τ . The model also contains three nearly degenerate TeV-scale, gauge-singlet neutrinos and somewhat heavier charged SU (2)-singlet bosons. The model relies on the existence of TeV-scale SM-singlet scalars, whose VEVs drive electroweak symmetry breaking for the extra Higgs fields and provide masses for the heavy neutrinos.
Given that much of the new physics here is proposed to occur at the TeV scale, the model should be readily testable at the LHC. A full discussion of LHC phenomenology should be done in the context of a Σ(81)-based Private Higgs model for quarks, which we postpone to future work.
The key assumption is that the scalar potential supports a configuration in which the lepton masses break Σ(81) softly to an abelian discrete subgroup Z 3 ×Z 3 ×Z 3 , and we have provided one explicit example of such a configuration. We encourage the reader to find alternative justifications for the soft potential in Eq. (VIII.5).
Although the Σ(81) symmetry reduces the number of free parameters from the original 20 In terms of scales, this is analogous to the soft breaking of chiral symmetry in QCD. The SM Higgs VEV v ∼ 10 2 GeV is much larger than the chiral symmetry breaking scale ξ ∼ 10 2 MeV, while the light quark masses m q = Private Higgs model, a further reduction of free parameters is desirable. Since Σ(81) is a subgroup of U (3), it is conceivable that this model can be embedded in a higher theory that could provide a dynamical justification for the magnitudes of the various VEVs in the theory.
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XI Appendix: Σ(81)
The group Σ(81) ≡ (Z 3 × Z 3 × Z 3 ) Z 3 can be defined as the set of diagonal 3-by-3 matrices of the form diag(ω
, where ω ≡ e i2π/3 is the cube root of 1 and p i are integers, supplemented with right-multiplication by the cyclic permutation matrix c and its inverse
]. There are 3 3 × 3 = 81 such matrices, so this is a non-abelian discrete group of order 81. In this appendix we detail the construction of this group and derive its equivalence classes and tensor multiplication rules.
XI.1 Preliminaries
Let a and b be elements of the groups A and B, respectively. Let B be a subgroup of A, denoted B < A. If aba −1 is also an element of B (for all a A and b B) then B is said to be an invariant subgroup 21 of A. This is denoted by B A.
The concept of invariant subgroup can be combined with the concept of product groups to define what is known as the semi-direct product. Let H and G be groups, and define the semi-direct product group K ≡ H G. For elements (h, g) K, the semi-direct product is defined by the group multiplication property
In other words, one uses G to act on elements of H before using those elements of H. The operation of Eq. (XI.1) makes sense only if g 1 h 2 g
H, so that elements of the form (h, I) specify an invariant subgroup of K = H G.
Let us verify some basic group properties of the semi-direct product. First, the group is 21 This is also called a normal subgroup.
associative, as can be seen by multiplying three elements in both possible orders:
(XI.2)
Next, let us verify that every element has an inverse by solving the equation (h 1 , g 1 )·(h 2 , g 2 ) = (I, I) for (h 2 , g 2 ). By Eq. (XI.1), we have g 1 g 2 = I =⇒ g 2 = g −1
1 , and h 1 g 1 h 2 g −1
The latter makes sense because, as stated previously, if g is an element of G and h is an element of H, then ghg −1 and g
Furthermore, we can verify that the left inverse equals the right inverse:
The cyclic group of order n, denoted Z n , is an abelian group generated by the phase ω n ≡ e i2π/n . The direct product of m such cyclic groups, Z m n ≡ Z n × ... × Z n (m copies), is an abelian group generated by the elements
where the p i denote the power to which each phase ω n is raised. The group Z m n therefore has a total of n m distinct elements.
It is possible to represent the group elements ζ
This is just a trivial repackaging of Eq. (XI.5), stating that each Z n factor lives in its own world.
We now specialize to the case n = m = 3. The group Z 3 is generated by the phase ω ≡ ω 3 ≡ e i2π/3 , which satisfies ω 3 = 1, ω 2 = ω * , and 1 + ω + ω 2 = 0. The 3-by-3 diagonal matrices z e ≡ R(ζ and their inverses generate three copies of Z 3 :
(XI.8)
The matrix products of z e , z µ , and z τ generate the 3-by-3 matrix representation of the direct product group
(XI.9)
as described by the general case of Eq. (XI.6). The 3 3 = 27 elements of F are:
We emphasize to the reader that we use the compact notation of Eq. (XI.7) to denote the 3-by-3 direct sum representation for the elements of the group F . We could instead use the group elements given in Eq. (XI.5). For example, the equation z e z µ z τ = ωI could also be written as ζ
In slight abuse of notation, the symbol I should be understood as the identity element for whichever representation is employed.
At this stage the matrix representation is just a trivial repackaging of the same information, namely that the different Z α 3 live in different spaces and therefore do not talk to each other. However, it is possible to extend the construction such that the different spaces get mixed together, and for that purpose the matrix representation will prove convenient.
The 3-by-3 representation of Z 3 × Z 3 × Z 3 introduced in the previous section suggests an extension that permutes the three Z 3 groups.
Consider a fourth Z 3 cyclic group whose elements are written in the (reducible) 3-dimensional representation 22 : Observe that the elements of Z C 3 transform elements of F into other elements of F , due to the properties
This allows us to define the semi-direct product group
Groups of the form H n Π n , where H is any finite group and Π n is either S n or a subgroup of S n , are called wreath products of H with Π n . The group of Eq. (XI.13) is therefore called the wreath product of Z 3 with Z 3 , and it is a non-abelian finite group of order 3 4 = 81. Due to Eq. (XI.12), we see that elements of the form (ζ, I), where ζ F = Z For an example of the group multiplication rule, consider z e , z τ F and c, a Z This also shows that (z * τ , a) is the inverse of (z e , c) in Σ(81).
XI.4 Equivalence classes
It is now possible to separate the elements of Σ(81) into equivalence classes by explicitly performing similarity transformations on all of its 81 elements.
To do this we will employ the matrices of Eqs. (XI.7) and (XI.11), which constitute the defining three-dimensional irreducible representation of Σ(81), which we denote simply by 3. Let ζ Z As discussed, the matrices ζ and σ do not commute, and their order of multiplication is specified by the general multiplication rule of Eq. (XI.1) and the example of Eq. (XI.14).
24
To separate the elements of Σ(81) into equivalence classes, it will be sufficient to consider similarity transformations of the form g → g . 24 This is a matter of convention, since ζσ = σσ −1 ζσ = σζ , where ζ ≡ σ −1 ζσ is also an element of
For the particular elements (ζ, σ) = (z β , I) = z β [the last equality denotes the representation specified by Eq. (XI.15)], with β = e, µ, τ , we have
The elements z e , z µ , z τ cycle into each other and form an equivalence class C α with character χ(C α ) = tr(z e ) = 2 + ω. The conjugate elements z * e , z * µ , z * τ form another class C * α with character χ(C * α ) = 2 + ω * .
The other classes, to be listed below, are deduced as follows.
Applying the group arithmetic of Eq. (XI.17) to elements of the form z α z β (α = β), we find that they form a class C αβ with character χ(C αβ ) = tr(z e We also have the element z e z µ z τ , which by itself forms a class F with character χ(F ) = tr(z e z µ z τ ) = 3ω. The conjugate element z * e z * µ z * τ forms a class F * with character χ(F * ) = 3ω * .
The remaining classes are specified by elements defined with the cyclic permutation matrix c and its inverse a = c −1 = c 2 . These classes will always have character equal to zero, since the ζ Z 
For example, g Next perform the same transformation on z µ z τ c:
Therefore the elements z e z µ c, z µ z τ c, z τ z e c and z * e z * µ z τ c, z * µ z * τ z e c, z * τ z * e z µ c belong to the same class. But since z e z τ z * µ = (z * e z * τ z µ )
* belongs to the same class as z µ c = (z * µ c) * , these elements belong to the classes C In total, including the identity element as its own class C I , we have:
This makes a total of n C = 17 equivalence classes.
XI.5 Irreducible representations
We now use the defining triplet representation to find other irreducible representations.
Let ϕ = (ϕ e , ϕ µ , ϕ τ ) be a field that transforms under the defining triplet representation, and consider the group element g = (z e , I). According to Eq. (XI.15), the action of g on ϕ is given by (z e , I) : ϕ → z e ϕ, or in components (z e , I) :
(XI.23)
Letting χ = (χ e , χ µ , χ τ ) ∼ 3 be another triplet field, we can use Eq. (XI.23) to decompose the product ϕχ ∼ 3 ⊗ 3 into irreducible representations. We have:
(z e , I) :
(XI.24) Since ω 2 = ω * , the first of these transforms as the conjugate 3 * of the defining representation. The second transforms differently from 3 and 3 * , and therefore defines a new triplet representation, 3 . The third transforms in the same way as the second, and so also transforms under 3 .
Thus we arrive at the multiplication rule
where, in terms of the components of ϕ ∼ 3 and χ ∼ 3, this reads explicitly
If desired, it is possible to change basis by symmetrizing and antisymmetrizing the new triplets 3 i , in which case we write 3 1 ⊕ 3 2 = 3 A ⊕ 3 S .
Next consider the product ϕχ * ∼ 3 ⊗ 3 * . Using Eq. (XI.23) and its conjugate, we find (z e , I) :
(XI.27) The first triplet is invariant under the z α and is therefore reducible under the generators of Z Thus we arrive at the multiplication rule
given in components by
The square brackets denote that the three components transform reducibly as distinct singlet representations, as discussed.
Next let ϕ ∼ 3 as before, but introduce a triplet ψ ∼ 3 that transforms under (z e , I) as specified by Eq. (XI.24): ψ → diag(1, ω, ω)ψ = z µ z τ ψ. Forming the product ϕ ψ ∼ 3 ⊗ 3 , we find:
(XI.30)
Comparing to Eq. (XI.27), we see that the second and third triplets of Eq. (XI.30) transform as (3 ) * and 3 , respectively.
The first triplet of Eq. (XI.30) transforms differently from all of the triplets considered previously. Since all components transform with the same phase, this triplet is reducible into singlets. Moreover, since these singlets transform nontrivially under the action of the (z α , I), indicating that they are distinct from the singlets 1 and (1 ) * of Eq. (XI.28).
Thus we have the multiplication rule
As for Eq. (XI.29), the square brackets in Eq. (XI.32) indicate that the first triplet is reducible as follows. The singlet ϕ e ψ e + ϕ µ ψ µ + ϕ τ ψ τ ∼ 1 transforms with ω under (z α , I) but is invariant under (I, c). The singlet ϕ e ψ e + ω ϕ µ ψ µ + ω * ϕ τ ψ τ ∼ 1 transforms with the phase ω under both (z α , I) and (I, c). The singlet ϕ e ψ e + ω * ϕ µ ψ µ + ω ϕ τ ψ τ ∼ 1 transforms with the phase ω under (z α , I) but with the opposite phase ω * under (I, c).
Each of these non-invariant singlets is complex, so overall we have 1 , 1, 1 , 1 , and their conjugates, which along with the invariant 1 makes a total of 9 distinct singlets. The group elements acting on the these representations are given in Table 1 . Let ψ ∼ 3 and ξ ∼ 3 . The transformation properties under the action of (z e , I) are given by Eqs. (XI.24) and (XI.27) as ψ → z µ z τ ψ and ξ → z µ z * τ ξ. The components of the product ψξ ∼ 3 ⊗ 3 transform as:
(XI.33)
The first triplet of Eq. (XI.33) transforms as 3 * , and the second as 3 . The third transforms differently from 3, 3 , 3 or their conjugates, and therefore specifies a new complex irreducible triplet, 3 .
Therefore we find the multiplication rule
which in components reads
(XI.35) Table 2 : Elements of Σ(81) acting on the irreducible complex triplet representations. The representation denoted by 3 is the defining representation, whose 3-by-3 matrices were used to derive the properties of the group.
A convenient way to denote the content of Table 2 is to label the components of the four triplets as follows:
(XI.36)
Fields with one lower index α = e, µ, τ transform under the defining 3-dimensional representation, and fields with one upper index transform under the conjugate 3 * . Fields with two indices (either two lower, or one lower and one upper) are organized cyclically: "h e " ≡ h µτ , "h µ " ≡ h τ e , and "h τ " ≡ h eµ . Fields with one lower and two upper (and the conjugate case of one upper and two lower) are organized according to the "odd index out": "ζ e " ≡ ζ This notation makes it easy to carry out group multiplication and decompose products into irreducible representations. For example, using the notation of Eq. (XI.36) and the transformation rules of Tables 1 and 2 , we can easily decompose the product of the defining triplet 3 with itself 25 or with 3 , 3 and 3 :
Similarly, we can decompose the product of 3 with any of the conjugate triplets: (XI.44) 25 In Eq. (XI.37) the prime on φ denotes that it is a different field from φ, but both fields still transform as the defining 3 representation.
Next, we have 3 times itself, 3 , and 3 : Therefore we have accounted for all of the irreducible representations of Σ(81). The character table is given in Table 3 . Tables 1 and 2. 
Class
# elts. χ(1) χ(1 ) χ(1) χ(1 ) χ(1 ) χ(3) χ(3 ) χ(3 ) χ(3 ) χ(1 * ) χ(1 * ) χ(1 * ) χ(1 * ) χ(3 * ) χ(3 * ) χ(3 * ) χ(3
